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The modern theory of the contact interaction of elastic bodies
starts from the classic work of Hertz in 1881, which derived analyt-
ically the law of the normal elastic repulsion for two particles on
the assumption of the deformation smallness. In accordance with
the Hertz law the normal interaction force fe;d of spherical particles
having a diameter dg is (Hertz, 1881; Landau and Lifshitz, 1993)
fe;d ¼
d2g
3
E
1 m2
hd
dg
 3=2
;
ad
dg
¼ 1
2
hd
dg
 1=2
; ð1Þ
where hd ¼ dg  rd; rd is the distance between the particle centers, E
is Young’s modulus, m is Poisson’s ratio, ad is the radius of the con-
tact spot. In addition to force fe;d, the Hertz solution provides the ra-
dial distribution of the normal stress rzz;dðqdÞ at the contact spot
(qd 6 ad)
rzz;d ¼  4Epdgð1 m2Þ a
2
d  q2d
 1=2
: ð2Þ
A following important milestone was the work of Mindlin in 1949.
Using the Hertz solution, in particular, the distribution of (2),
Mindlin solved the problem concerning the interaction of initially
compressed particles when a tangential displacement along the
contact plane took place. The Mindlin law gives the tangentialll rights reserved.
+7 343 2678794.
oltachev), nbv@iep.uran.rudisplacement dd, which is deﬁned as one-half of the total displace-
ment of particle’s centers, produced by the total tangential force ft;d
dd
dg
¼ l 2 m
1 m
a2d
d2g
1 1 ft;d
lfe;d
 2=3" #
; ð3Þ
where l is the friction coefﬁcient. When the force ft;d increases to
large values, the law of (3) passes into the Coulomb friction law
ft;d ¼ lfe;d.
The Hertz and Mindlin laws are by no means the ﬁnal solution
of the contact problem in view of a wide variety of possible loading
condition of contacting bodies (the size and the direction of normal
and tangential forces, the order of forces priority, and so on). Quite
the contrary, these laws produced a quantity of publications, a tor-
rent of which does not abate to present day (see Mindlin and
Deresiewicz, 1953; McMeeking et al., 2001; Jefferson et al., 2002;
Dintwa et al., 2008; Aleshin and Van Den Abeele, 2009, 2012;
Eriten et al., 2010, 2011; Barber et al., 2011). As a rule, the Hertz
and Mindlin laws are the basic solutions for analysis of more com-
plex loading conditions (Mindlin and Deresiewicz, 1953; Eriten
et al., 2010, 2011; Barber et al., 2011; Aleshin and Van Den Abeele,
2012). A quite different solution was proposed by Walton in 1978
for the conditions where normal and tangential forces appear
simultaneously and change with a ﬁxed proportionality. However,
Elata in 1996 noted that the Walton solution can be derived on ba-
sis of the Hertz-Mindlin solution as well.
An intense interest to the problem of two sphere contact is
induced by a wide spectrum of possible applications, such as the
friction of rough surfaces, the mechanics of rocks, nonlinear
acoustics and elasticity, seismology, nondestructive testing, etc.
Fig. 1. A schematical image of a linear chain of initially spherical particles loaded
along the longitudinal axis.
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with a simulation of powder materials by the granular dynamics
method (Chang and Hicher, 2005; Agnolin and Roux, 2007; Gila-
bert et al., 2007; Gilabert et al., 2008), which starts with the work
of Cundall and Strack (1979). The granular dynamics method
shows especial promise for a simulation of a cold compaction of
oxide nanopowders (Boltachev and Volkov, 2010; Boltachev and
Volkov, 2011; Boltachev et al., in press; Boltachev et al., 2011a;
Boltachev et al., 2011b). As a rule, owing to the peculiarities of
nanopowder production (Kotov, 2003), these powder particles
have a high sphericity, and a nanometer size results in a high
strength and nonplasticity of particles (Gryaznov et al., 1989; Fil-
onenko et al., 1992). At the same time, as is well known, the Hertz
law is valid for inﬁnitesimal deformations only. It is the rigorous
solution of the corresponding elastic problem with an ideal sphere
as the starting condition (McMeeking et al., 2001; Jefferson et al.,
2002; Dintwa et al., 2008). At ﬁnite deformations, incremental
loading is applied to a particle, which form differs from ideal
sphere more and more. This fact is not taking into account by the
classical Hertz law that naturally results in a deviation of the force
determined by the Eq. (1) to smaller value range. The numerical
simulation of elastic spheres by the ﬁnite element method per-
formed by Dintwa et al., 2008 shows that the law (1) validity is re-
stricted within deformation range, where the ratio hd=dg does not
exceed 0.005. However, the nanopowder low compressibility
forces to apply very high pressures during compaction processes,
where particle deformations amount to appreciably larger values
(Boltachev and Volkov, 2010; Boltachev and Volkov, 2011; Bolta-
chev et al., in press; Boltachev et al., 2011a; Boltachev et al.,
2011b).
An attempt of the Hertz and Mindlin laws generalization for
range of relatively large deformations of particles was proposed
in works of McMeeking et al., 2001 and Jefferson et al., 2002. An
advantage of their model is the accounts for multi-particle interac-
tion. However, McMeeking et al., 2001 and Jefferson et al., 2002
had not analyzed the ﬁnite compression of spheres beginning with
point contacts deforming to produce ﬁnite contacts. These papers
simulate a system of truncated spheres joined by ﬂat, circular, per-
fectly bounded junctions. Such geometry corresponds with
description of elastic properties of sintered granular materials
but not with an interparticle interaction during a powder cold
compaction.
The so-called rod model has been proposed recently (Boltachev
et al., 2011b; Boltachev and Volkov, 2012; the Section 2 of this pa-
per) for the contact interaction of initially spherical particles,
which are subjected to a large normal loading. This model is not
a rigorous solution of the corresponding elastic problem for the
range of ﬁnite deformations, of course. But it gives correct behav-
iour of the force fe;d both in the range of inﬁnitesimal strains, where
the rod model passes into the Hertz solution, and in the range of
large deformations, where it gives an appreciably stronger repul-
sion of approaching particles. In the present paper, we will write
the distribution of normal stress at the contact spot, according to
the rod model, and on basis of this distribution obtain an analog
of the Mindlin law. By that, the Mindlin problem on the tangential
interaction of initially compressed particles will be solved on basis
of the model, which is suitable in more wide range of deformations
than the classical Hertz law.
In Section 2 of this paper, we reproduce the rod model valida-
tion and write the corresponding distribution of the normal stress
at the contact spot. Section 3 contains the Mindlin problem deﬁni-
tion and the distribution of tangential traction derived by Mindlin.
The traction distribution, which corresponds to the rod model, we
will ﬁnd as a series, which coefﬁcients are derived in Section 4. On
basis of the traction distribution obtained, in following sections the
analytical expressions for the tangential displacement of interact-ing particles (Section 5) and the total tangential force (Section 6)
are derived. In Section 7 the principal results are presented in a
compact form that is the modiﬁcation of the Mindlin law in case
of the rod model. Section 8 contains a list of all most important
statements and results.
2. Rod model
The so-called rod model proposed recently by Boltachev et al.,
2011b and Boltachev et al., in press; is an extension to the Hertz
theory for contact of two elastic spheres. The modiﬁcation is con-
cerned with the case of relatively strong deformations when the
contact radius ad is not much less than the spheres radius. The ap-
proach is based on the following idea: the real deformation and
stresses for normal compression are approximated as sums of the
Hertz solution and the solution for the compression of a conﬁned
rod. Certainly, this is only an assumption which can not be strictly
derived from the elasticity theory but is supported by some phys-
ical arguments.
Let us examine the chain compression of initially spherical par-
ticles, schematically shown in Fig. 1. Though particles deformation
is relatively strong and the Hertz law validity is violates, the parti-
cles interaction is proposed to be elastic purely, without plastic
deformation. This situation is quite typical for processes of nano-
sized powders compaction (Filonenko et al., 1992; Boltachev et al.,
2011a), where particles deformations amount to a few percents,
but remain elastic as yet. The internal region of the compressed par-
ticles, that is a cylinderwith radius ad located axisymmetrically, can
be considered as a solid rod exposed to uniaxial compression strain.
Lateral strain of the given rod is impeded by the remaining ring-
parts of the deformed particles. Therefore elasticity of the rod is
characterized by Hooke’s law (Landau and Lifshitz, 1993) as follows
drs;d ¼ Eð1 mÞð1þ mÞð1 2mÞdes; des ¼
drd
rd
¼ dhd
dg  hd ; ð4Þ
where rs and es are the axial components of stress and strain ten-
sors. The rod presence leads to an additional contribution to the
elastic repulsive force of particles: dfs;d ¼ pa2ddrs;d. Integrating
(4), we get the ‘‘rod’’ contribution:
fs;d ¼ p4
Ed2gð1 mÞ
ð1þ mÞð1 2mÞ
hd
dg
þ ln 1 hd
dg
  
: ð5Þ
Hereinafter, the normalized values will be used for the sake of
simplicity
r ¼ rd
dg
; h ¼ hd
dg
; r ¼ rd
E
; f ¼ fd
Ed2g
: ð6Þ
Here, the ﬁrst relation shows normalizing any quantities, which
have the dimension of length (r;h; a, etc.). Adding now the classical,
‘‘Hertz’’, contribution (1) and the above ‘‘rod’’ contribution (5), we
get the modiﬁed Hertz law in the form of
Fig. 2. The geometry of boundary condition.
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h3=2
1 m2 
p
4
1 m
ð1 2mÞð1þ mÞ ½hþ lnð1 hÞ; a ¼
1
2
ﬃﬃﬃ
h
p
: ð7Þ
In addition to the elastic interaction law (7) the rod model pre-
sented makes it possible to get the distribution of the normal stress
at the contact spot. Let us apply Eq. (4) to a cylindrical layer with
radius q. The start of the layer deformation is determined by the
requirement q ¼ a, i.e., when the particles normal displacement
h0 comes to 4q2. Integrating (4) for the layer, we get the desired ra-
dial distribution
rsðqÞ ¼
Z h
h0
drs ¼ 1 mð1þ mÞð1 2mÞ ln
1 h
1 4q2
 
:
Again adding the classical, ‘‘Hertz’’, contribution (2) and the above
‘‘rod’’ contribution, we arrive at the summarized distribution of
the normal stress in the form of
rðqÞ ¼  2
pð1 m2Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4a2  4q2
q
 1 mð1 2mÞð1þ mÞ ln
1 4q2
1 4a2
 
:
ð8Þ
The distribution of the normal stress (8) obtained will be used in the
following Sections for determination of the tangential tractions
produced by the relative displacement of compressed particles.
There is no difﬁculty to see that the total elastic force deter-
mined by Eq. (7) and the stress distribution written above are
concordant, i.e.,
fs ¼ 
Z a
0
rsðqÞ2pqdq:
It is worth to remind, though, that rod model presented is not a rig-
orous solution for the compression problem. In particular, the
changes of stresses and strains along the compression axis inside
particles are beyond scope of the model.
The evidence in favour of the rod model is a qualitative agree-
ment the elastic force (7) with the results of numerical simulation
by the ﬁnite element method performed by Dintwa et al. (2008).
The advantage of the model is the physically credible behavior of
the elastic force in limits of large and small particle deformations.
The classical Hertz law (1) makes it possible to reach arbitrary
large values of particle approach h which contradicts reality. In
accordance with the modiﬁed law (7) the function feðhÞ has a sin-
gularity at h! 1, which ensures the impossibility of center super-
position of the interacting particles. In the limit of small
deformation the expansion the function feðhÞ in a series is given by
fe ¼ 13
1
1 m2 h
3=2 þ p
4
1 m
ð1 2mÞð1þ mÞ
X1
i¼2
hi
i
:
This implyies that the rod contribution (5) does not violate the
Hertz law at h 1, i.e., includes the elastic effects to a higher order
than the Hertz contribution (1).
3. Problem deﬁnition
In accordance with the classical Minlin problem technique, let
us switch from the spherical particle geometry to the geometry
of a half-space with a plane boundary. Let the body under study
be the region of space with zP 0 in Cartesian rectangular coordi-
nates. In the boundary surface, i.e., plane Oxy, there are three areas
(see Fig. 2): S1 ðq 6 bÞ is the sticky circle, S2 ðb < q 6 aÞ is the slip
annulus, and S3 (q > a) is the zone without traction. The displace-
ment of body points is deﬁned by the vector bfs ¼ ðu; v;wÞ. As is
known (Landau and Lifshitz, 1993), the equilibrium condition of
elastic body has a form of differential equation
rdivsþ ð1 2mÞr2s ¼ 0:The boundary value problem for tangential loading is assumed to be
decoupled from the normal loading problem. So, in accordance with
the distribution of the normal stress (8) obtained in Section 2, let us
set following boundary condition in the plane Oxy:
rxz ¼ ryz ¼ rzz ¼ 0; q > a;
ryz ¼ rzz ¼ 0; rxz ¼ kH
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4a2  4q2
q
þ ks ln 1 4q
2
1 4a2
 
; b < q 6 a;
rzz ¼ 0; u ¼ d; v ¼ 0;q 6 b: ð9Þ
where
kH ¼ 2lp
1
1 m2 ; ks ¼
lð1 mÞ
ð1 2mÞð1þ mÞ :
The tangential traction in the area S1 is required to determine.
The complexity of the problem is caused by the mixed-bound-
ary conditions. When the traction is given everywhere on the
boundary plane Oxy the body displacement is determined by the
known surface integrals (Landau and Lifshitz, 1993). Thus, in case
of ryz ¼ rzz ¼ 0 everywhere on the boundary for the displacement
component u of the boundary plane we have
uðx; yÞ ¼ 1þ m
p
ZZ
1 mþ m ðx x
0Þ2
n2
" #
rxzðx0; y0Þ
n
dx0dy0; ð10Þ
where n2 ¼ ðx x0Þ2 þ ðy y0Þ2. The solution of this problem for
ks ¼ 0 obtained by Mindlin has a form
rxz ¼ rMðq; a; bÞ ¼ kH
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4a2  4q2
q
 kH
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4b2  4q2
q
; ð11Þ
and ryz ¼ 0 at q 6 b. Note, that in the limit of b! a the distribution
(11) passes into the solution of more simple problem, where the
area S2 is absent,
rxz ¼ kH 2aða bÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  q2
p ; ryz ¼ 0; q 6 b: ð12Þ
The sought solution of the problem (9) can be written as
rxz ¼ rMðq; a; bÞ þ rsðq; a; bÞ; ryz ¼ 0; q 6 b;
where rsðq; a; bÞ is the desired function. In accordance with Jäger
theorem (Jäger, 1995) the tangential traction distribution in contact
spot can be easy constructed in terms of normal traction, i.e.,
rs ¼ ks ln 1 4q
2
1 4a2
 
 ks ln 1 4q
2
1 4b2
 
: ð13Þ
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normal stress distribution is a result of rigorous solution of com-
pression problem. The rod model is not a rigorous solution. In par-
ticular, the contact radius is determined with the help of the
relation (a ¼
ﬃﬃﬃ
h
p
=2, see Eq. (7)), which is borrowed from the Hertz
solution simply. So, the Jäger theorem validity is violated and, as
a result, the expression of (13) is not a solution of the slip problem.
Numerical calculations by Eqs. (10) and (13) give u ¼ uðqÞ–const in
region of q < b.
We will ﬁnd the function rs in the form of
rs ¼ ks ln 1 4q
2
1 4a2
 
 ks
XM
n¼0
cn 1 q
2
b2
 nþ1=2
; ð14Þ
where M is a some sufﬁciently large number, cn are the desired
coefﬁcients.
4. Traction distribution
The sought function (14) is determined by the condition that
the displacements (10) in the area S1 is in accordance with the
boundary condition (9). Let us place the second part of the sought
function (14)
rs;2ðqÞ ¼ ks
XM
n¼0
cn 1 q
2
b2
 nþ1=2
into Eq. (10). Turning from integration variables fx0; y0g to variables
fn;/g (see Fig. 2), we arrive to
uðx; yÞ ¼ ksð1þ mÞ
p
Z 2p
0
ð1 m sin2 /Þd/
XM
n¼0
cnIn; ð15Þ
where
In ¼
Z n0
0
1 q
02
b2
 nþ1=2
dn;
q02 ¼ q2 þ n2 þ 2nU; U ¼ x cos/þ y sin/, and n0 ¼ ðb2  q2þ
U2Þ1=2 U. The integral In can be reduced to
In ¼ 1þU
2  q2
b2
 !nþ1
pbð2nþ 1Þ!
22nþ2n!ðnþ 1Þ!þ OddðUÞ;
where OddðUÞ is all terms, which are odd with respect to the vari-
able U and do not make a contribution to the function uðx; yÞ.
Substituting this result in Eq. (15) and turning to the variable
t ¼ / h, we have
u
ks
¼ 2ð1þ mÞ
p
Z p
0
1 m cos2 h sin2 t þ sin2 h cos2 t
	 
h i
w0ðb;wÞdt;ð16Þ
w0ðb;wÞ ¼
XM
n¼0
cn
pbð2nþ 1Þ!
22nþ2n!ðnþ 1Þ! 1
w2
b2
 nþ1
; w ¼ q sin t: ð17Þ
By analogy, substituting the ﬁrst part of stresses (14),
rs;1ðqÞ ¼ ks ln 1 4q
2
1 4a2
 
; q 6 a;
into Eq. (10), after a set of transformations we have
u
ks
¼ 2ð1þ mÞ
p
Z p
0
1 mðcos2 h sin2 t þ sin2 h cos2 tÞ
h i
wða;wÞdt;
ð18Þ
wða;wÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 4w2
p
atanh
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4a2  4w2
1 4w2
r !

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4a2  4w2
p
: ð19Þ
The comparison of Eqs. (18) and (16) shows that the boundary con-
dition (9) for the displacements u in the area S1 is fulﬁlled when the
difference of the functions (19) and (17) is a constant in the area,
i.e., wða;wÞ  w0ðb;wÞ ¼ const. It is not difﬁcult to ascertain thatthe boundary condition for the displacement v is fulﬁlled in that
case too.
Let us present the function wða;wÞ as a series,
wðwÞ ¼ w0 þ w1
w2
a2
þ w2
w2
a2
 2
þ . . .þ wn
w2
a2
 n
: ð20Þ
Equating the expansion coefﬁcients of Eqs. (17) and (20) corre-
sponding the same exponent of the variable w (except zero expo-
nent), we get a set of equations to determine the desired
coefﬁcients cn of the traction distribution (14),
ð1Þkpb
4ðkÞ!b2k
XM
n¼k1
ð2nþ 1Þ!cn
4nðnÞ!ðnþ 1 kÞ! ¼
wk
a2k
; k ¼ 1;2; . . . ;M þ 1:
The solution of this set of equations has a form of (for n ¼ 0, 1,
. . . ;M)
cn ¼ ð4Þ
nþ1ðn!Þ2
pbð2nþ 1Þ!
b
a
 2n XMnþ1
i¼1
ðnþ iÞ!
ðnÞ!ði 1Þ!
b
a
 2i
wnþi; ð21Þ
that can be veriﬁed by the direct substitution. To proceed with anal-
ysis we need the coefﬁcients wn in explicit form. To this end, we will
expand the function of (19) into a series (20) and, in that way, com-
plete building the sought traction distribution (14).
Differentiating the function (19) in respect of the parameter a
and expanding in respect of the ratio w=a, we get
wa ¼
8a2
1 4a2 
16a2
1 4a2
X1
n¼1
ð2n 2Þ!
4nn!ðn 1Þ!
w2n
a2n
:
The back integration gives
w0 ¼ atanhð2aÞ  2a; w1 ¼ 2a2atanhð2aÞ;
wn ¼
2ð2n 2Þ!a2n
ðn 1Þ!n!
Xn2
i¼0
ð2aÞ12i
1þ 2i  atanhð2aÞ
" #
; nP 2:
ð22Þ
At large value of n the coefﬁcients wn can be approximate as
wn’
ð2aÞ3
1ð2aÞ2
n5=2
4
ﬃﬃﬃ
p
p 1þ34a
2
14a2
1
2n
þ98a
2þ16a4
ð14a2Þ2
1
ð2nÞ2
þ . . .
 !
;
that, in particular, shows a rapid decrease of values wn when n in-
creases. Note, that an inaccuracy of this approximation formula at
n ¼ 50 is under 1 percent in a quite wide range of the parameter
a values, from a ¼ 0 up to a ¼ 0:4.
The expression (21) for the coefﬁcients cn and the expression
(22) for the coefﬁcients wn make it possible to compute the sought
traction distribution in the contact spot. Fig. 3 shows examples of
the distribution rxzðqÞ at given particles displacement h ¼ 0:16
for the Hertzian contact (the Mindlin solution) and for the rod
model. As can be seen, the discrepancy between the rod model
solution and the Mindlin solution (11) decreases when the radius
of sticky circle b increases. In the limit of b! a both solutions tend
to the asymptotic distribution of Eq. (12), where the slip annulus is
absent.
At the right, Fig. 3 shows the same dependences normalized by
the maximal values, which are reached at the boundary of stick
and slip areas (at q ¼ b). Such normalization reveals an evident
similarity of curves, especially in the area of the sought solution
(q < b). The maximal differences are reached in a formal limit of
m! 0:5, when the rod contribution in Eq. (7) dominates over the
Hertzian contribution. But in this case even the differences be-
tween the curves at the right of Fig. 3 do not exceed about 6–7%
at q ¼ 0. In particular, this indicates that the Mindlin solution
(with a suitable renormalization of the normal force) is quite en-
ough for engineering estimations.
Fig. 3. The radial distribution of tractions in a contact spot. Solid lines correspond to the rod model, Eqs. (14), (21) and (22); dashed lines show the Mindlin solution (11);
dotted lines show the asymptotic solution, Eq. (12). Calculations are showed at given particles displacement h ¼ 0:16: a ¼ 0:2; b=a ¼ 0:5/1/ and 0.9/2/, m ¼ 0:25. At the right,
the same dependences are normalized by the maximal values, which are reached at q ¼ b. Dash-dotted lines shows the formal limit of m! 0:5, when the rod contribution in
the elastic interaction law (7) dominates.
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The coefﬁcients cn are obtained such that the difference of the
functions of the integrands of Eqs. (18) and (16), i.e.,
wða;wÞ  w0ðb;wÞ, is a constant in the area S1. Since w0 ¼ 0 at
w ¼ b that throughout the entire area S1, as is not difﬁcult to see,
we have (in the limit M !1)
wða;wÞ  w0ðb;wÞ ¼ wða; bÞ
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 4b2
q
atanh
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4a2  4b2
1 4b2
s0
@
1
A ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ4a2  4b2q :
So, the particles tangential displacement ds corresponding to the rod
part of tractions ðrsÞ is determined by the expression
ds
ks
¼ 2ð1þ mÞ
p
Z p
0
1 m cos2 h sin2 t þ sin2 h cos2 t
	 
h i
wða; bÞdt
¼ ð2 mÞð1þ mÞwða; bÞ:
Adding together the displacement ds and the displacement dH corre-
sponding to the Mindlin part of traction (rM), we arrive to the con-
cluding expression
dðbÞ ¼ l2 m
1 m ða
2  b2Þ þ ð1 mÞ
2
1 2m wða; bÞ
" #
: ð23Þ
In particular, it follows that the maximal value dmax (when the
sticky circle vanishes, i.e., b! 0) is determined as
dmax ¼ dmax;H 1þ ð1 mÞ
2
1 2m
atanhð2aÞ  2a
a2
" #
; ð24Þ
where dmax;H ¼ la2ð2 mÞ=ð1 mÞ is the maximal displacement in
accordance with the Mindlin solution.
Fig. 4 (at the left) shows the dependence dðbÞ normalized by its
maximal value dmax. The same ﬁgure shows the Mindlin solution
dHðbÞ=dmax;H and the curve corresponding to the formal limit of
m! 0:5, when the rod contribution in Eq. (7) dominates, for com-
parison. A similarity of normalized curves is evident. However, it
should be noted that the dependence dðbÞ of Eq. (23), when it is
not normalized, gives noticeably larger values of tangential dis-
placement, than the Mindlin solution. For example, at a ¼ 0:2
(i.e., h ¼ 0:16) we have dmax;H ’ 0:093 and dmax ’ 0:155. The dis-
crepancy between the functions dðbÞ and dHðbÞ (normalized as well
as not normalized) decreases when the contact radius a decreases.
This is apparent, for example, from the Eq. (24), where the second
term in square brackets decreases as the parameter a.6. Total tangential force
Given traction distribution rxzðqÞ in the contact spot, the total
tangential force is determined by the integral
ft ¼
Z
rxzðqÞ2pqdq:
The Hertz part of stresses gives
ft;H ¼
Z a
0
kH
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4a2  4q2
q
2pqdq
Z b
0
kH
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4b2  4q2
q
2pqdq
¼ 4p
3
kHða3  b3Þ: ð25Þ
To calculate the rod model part it is necessary to take two integrals
again: in whole contact area ðq 6 aÞ and in stick area ðq 6 bÞ. The
ﬁrst integral is taken easily
ft;s1 ¼
Z a
0
ks ln
1 4q2
1 4a2
 
2pqdq
¼ pksa2  p4 ks lnð1 4a
2Þ: ð26Þ
The second integral gives
ft;s2 ¼ 
Z b
0
ks
XM
n¼0
cn 1 q
2
b2
 nþ1=2
2pqdq ¼ pksb2
XM
n¼0
2cn
2nþ 3 :
Substituting the coefﬁcients cn, in the limit of M !1 we arrive to
the expression
ft;s2 ¼ 4bkswða; bÞ  4ksWða; bÞ; Wða; bÞ ¼ b
X1
k¼0
wk
2kþ 1
b2k
a2k
: ð27Þ
Adding together the contributions (25)–(27), we get
ft ¼ 4p3 kHða
3  b3Þ
þ 4ks bwða; bÞ Wða; bÞ  p4 a
2  p
16
lnð1 4a2Þ
h i
: ð28Þ
The maximal value ft;max (when the sticky circle vanishes, i.e., b! 0)
is determined as
ft;max ¼ lfe ¼ ft;max;H 1 3p32
ð1 mÞ2
1 2m
4a2 þ lnð1 4a2Þ
a3
" #
; ð29Þ
where ft;max;H ¼ ð8=3Þla3=ð1 m2Þ is the maximal force in accor-
dance with the Mindlin solution.
Fig. 4 (at the right) shows the dependence ftðbÞ=ft;max deter-
mined by Eqs. (28) and (29). The same ﬁgure shows the Mindlin
solution ft;HðbÞ=ft;max;H and the curve corresponding the formal limit
of m! 0:5 for comparison. Note that for the situation of Fig. 4
Fig. 4. The dependences of the tangential displacement d (at left) and the respective force ft (at right) on the stick–slip boundary radius b at h ¼ 0:16. The lines are the same as
in Fig. 3 (at the right).
Fig. 5. The dependence of total tangential force ft on the tangential displacement d in accordance with the relations of this work, Eqs. (30) and (31) (solid curves), and the
classical Mindlin law (dashed curves), m ¼ 0:25. At the left: at given particles displacement h ¼ 0:16; at the right: calculations at given normal forces ðfe ¼ 0:01 and fe ¼ 0:02).
Dash-dotted line is the linearized Mindlin law, Eq. (33). Dotted lines show the levels of elastic repulsive force in accordance with the Hertz law ðfe;H) and the rod model ðfe).
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the Mindlin solution, when it is not normalized, underestimates
noticeably the tangential force. The discrepancy between the func-
tions ftðbÞ and ft;HðbÞ decreases when the contact radius a de-
creases, as in case of the functions dðbÞ and dHðbÞ, since the
second term in square brackets of Eq. (29) decreases as the param-
eter a again.Fig. 6. The dependence of the function Wða; bÞ normalized by means of the limiting
values (at b ¼ a) on the ratio b=a. Curves from left to right are: the limiting case of
a! 0, Eq. (A.3); a calculation at a ¼ 0:3, and a ¼ 0:4; the limiting case of a! 0:5,
Eq. (A.4).7. Results and discussion
The expression (23) for the particles tangential displacement d
and the expression (28) for the total tangential force ft in common
determines the dependence ftðdÞ in implicit form. Taking into ac-
count the properties of the function Wða; bÞ (see Appendix), the ﬁ-
nal expression can be written as
d ¼ l2 m
1 m ða
2  b2Þ þ ð1 mÞ
2
1 2m wða; bÞ
" #
; ð30Þ
ft ¼ 8l3
a3  b3
1 m2 þ
4lð1 mÞ
ð1 2mÞð1þ mÞ ½bwða; bÞ þ DWða; bÞ; ð31Þ
where
wða; bÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 4b2
q
atanh
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4a2  4b2
1 4b2
s0
@
1
A ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ4a2  4b2q ;
DWða; bÞ ¼
Z a
b
wða; tÞdt;
a ¼
ﬃﬃﬃ
h
p
=2 is the contact radius, h ¼ 1 r; r is the distance between
the centers of nondeformed particles, b is the stick–slip boundary
radius, l is the friction coefﬁcient, m is Poisson’s ratio.The dependence ftðdÞ implicitly deﬁned by Eqs. (30) and (31) is
the modiﬁcation of the classical Mindlin law when the Hertz law of
particles elastic interaction is replaced by the rod model suggested
recently (Boltachev et al., 2011b; Boltachev et al., in press). Fig. 5
demonstrates this dependence. At start time of tangential loading
(d ¼ 0; f t ¼ 0) the slip annulus is absent (b ¼ a), and the derivative
dft=dd agrees with the linearized Mindlin law (33). In the limit of
b! a (see Appendix)
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3
ð2aÞ3=2
1 4a2 ða bÞ
3=2
; DW ¼ 32a
15
ﬃﬃﬃﬃﬃﬃ
2a
p
1 4a2 ða bÞ
5=2
;
and for the values of d and ft we have
d ¼ 2la2 m
1 m ða bÞ; f t ¼
8la2
1 m2 ða bÞ; ð32Þ
that agrees with the Mindlin solution completely. Thus, as in case of
normal interaction law (7), the rod model contributions to the tan-
gential displacement and the force have the higher order than the
classical Mindlin law. Eliminating the quantity ða bÞ from Eq.
(32), we get the linear dependence ftðdÞ,
ft ¼ 4adð2 mÞð1þ mÞ ; ð33Þ
which is in common use when powder simulating by granular
dynamics method. It can be noted that the linearized Mindlin law
(33) does not depend on the normal traction in the contact spot
at all, since this law describes the limiting case when the tangential
traction is not conﬁned by the Coulomb friction law.
When tangential loading increases the stick–slip boundary ra-
dius b decreases monotonically up to the slip occurring every-
where in the contact spot (b! 0). In the latter case the
tangential force ft culminate with value ft;max conﬁned by the Cou-
lomb friction law, ft;max ¼ lfe (see Fig. 5), where fe is the normal
elastic force of the particles repulsion (7). The dependence
ft;HðdHÞ determined by the classical Mindlin law (3) is shown in
Fig. 5 for reference. It can be seen that the tangential interaction
law determined by Eqs. (30) and (31) is similar to the Mindlin
law (3). However, in terms of numbers, the substitution of the
Hertz model, Eqs. (1) and (2), by the rod model, Eqs. (7) and (8), re-
sults in the appreciable change of the tangential interaction of elas-
tic spherical particles in contact. The change becomes especially
apparent when the particles displacement is a control variable
(at the left of Fig. 5), since the tangential forces amount to different
levels in the limit of the total slip. At given compression force (at
the right of Fig. 5) the differences are less evident. However, in this
case the Hertzian contact and the rod model have different sizes of
contact spot and consequently different slopes of dependences ftðdÞ
in the limit of small tangential displacement. For example, for
curves depicted at the right of Fig. 5 for fe ¼ 0:01 we have:
h ’ 0:0925; a ’ 0:152 and dft=dd ’ 0:278 for the Hertzian contact;
h ’ 0:0746; a ’ 0:137 and dft=dd ’ 0:250 for the rod model.8. Conclusions
In the present paper for the rod model of the particles elastic
repulsion, which has been proposed recently in works of Boltachev
et al., 2011b, in press, we have solved a problem of tangential inter-
action of two particles. The tangential traction distribution in the
contact spot has been derived and analytical expressions have been
deduced, which determine the tangential displacement d of the
particles and the respective interaction force ft depending on the
contact radius a and the stick–slip boundary radius b. These
expressions establish the law of tangential interaction of com-
pressed particles, ftðdÞ, in an implicit form. In the limit of inﬁnites-
imal tangential displacements, when the slip zone vanishes
(b! a), the law derived agrees with the linearized Mindlin law.
At the opposite limiting case, i.e., when the sticky circle vanishes
(b! 0), the tangential force ft reaches extremum determined by
the Coulomb friction law, ft ¼ lfe, where the value of fe is in accord
with the rod model rather than the Hertz law. As a result, the
known Mindlin problem has been solved for the model, which is
applicable in an appreciably wider range of deformations in com-
parison with the classical Hertz law.Acknowledgments
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Appendix A. Properties of the function ða;bÞ
Let us analyse properties of the function Wða; bÞ introduced in
Eq. (27). Parameter b differentiation of the function makes it clear
that @W=@b ¼ wða; bÞ (see the function w deﬁnition (19) and expan-
sion (20)). Taking into account that Wða;0Þ ¼ 0, we arrive to an
integral deﬁnition of the function Wða; bÞ as
Wða; bÞ ¼
Z b
0
wða; tÞdt:
Equating b ¼ a in the last expression and than differentiating it with
respect to the parameter a, we get
dWða; aÞ
da
¼ 2pa
3
1 4a2 :
The back integration on condition that Wð0;0Þ ¼ 0 gives an expres-
sion, which determines the largest value of the function Wða; bÞ,
Wða; aÞ ¼ a
X1
k¼0
wk
2kþ 1 ¼ 
p
4
a2  p
16
lnð1 4a2Þ: ðA:1Þ
Let us consider the limit of a! 0. In that case the hyperbolic arctan-
gent in Eq. (19) can be expanded in series, and the function Wða; bÞ
integral deﬁnition gives
W ¼
X1
i¼1
ð2aÞ2iþ1
2iþ 1
Z b
0
ð1 t2=a2Þiþ1=2
ð1 4t2Þi
dt:
Here, with the help of the expansion in series at t  1 we get
W ¼ ð2aÞ
2
2
X1
j¼1
ð2aÞ2jþ2ðj 1Þ!
Xj
i¼1
1
ð2iþ 1Þðj iÞ!ði 1Þ!

Z b=a
0
ð1 t2Þiþ1=2t2j2i dt:
The analysis of this expression shows that in the limit of a! 0 the
function W can be presented as
W ¼ 1
8
Arcsin
b
a
 
4a2 þ lnð1 4a2Þ 
þ 2b
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  b2
q X1
i¼1
qið2aÞ2i: ðA:2Þ
The ﬁrst coefﬁcients qi are (the shorthand notation b ¼ b=a is used)
q1 ¼
5
24
 b
2
12
; q2 ¼
7
60
 b
2
90
 b
4
45
;
q3 ¼
9
112
 b
2
280
 b
4
210
 b
6
105
:
Fig. 6 demonstrates the function Wða; bÞ reduced by means of
the largest value Wða; aÞ. For the ratio Wða; bÞ=Wða; aÞ the Eqs.
(A.2) and (A.1) give
Wða; bÞ
Wða; aÞ ¼
2
p
Arcsinðb
a
Þ þ 2b
pa2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  b2
q
5
3
 2
3
b2
a2
 !
;
ða 1Þ: ðA:3Þ
At the opposite limiting case, where 2a! 1, we have
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2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 4t2
p
ln
2
1 2a
 
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 4t2
p 1
2
lnð1 4t2Þ  1
 
þ Oð1 2aÞ:
Substituting this expression into the functionWða; bÞ integral deﬁni-
tion, we arrive at
Wða; bÞ ¼ 1
8
lnð1 2aÞ Arcsinð2bÞ þ 2b
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 4b2
q 
þ Oð1Þ;
and, as a result, for ratio Wða; bÞ=Wða; aÞ we have
Wða; bÞ
Wða; aÞ ¼
2
p
Arcsin
b
a
 
þ 2b
pa2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  b2
q
; ða! 1Þ: ðA:4Þ
Fig. 6 shows that the function Wða; bÞ approaches the limiting
values (at a! 0) in a sufﬁciently large interval of a values. For
example, an error of the approximate formula (A.2) with the coef-
ﬁcients qi written is less than 1 percent up to a ¼ 0:27.
The limiting case of b! a is of particular interest. In that case
the tangential displacement d and the respective force ft tend to
zero. For the function wða; bÞ in that case we have
wða; bÞ ¼ 8
3
ð2aÞ3=2
1 4a2 ða bÞ
3=2 þ Oðða bÞ5=2Þ;
and Eq. (23) gives
d ¼ 2la2 m
1 m ða bÞ þ Oðða bÞ
3=2Þ:
The quantity DW ¼ Wða; aÞ Wða; bÞ can be presented as
DW ¼
X1
i¼1
22iþ1ð2aÞiþ1=2
ð2iþ 1Þð1 4a2Þi
Z ab
0
tiþ1=2½1 t=ð2aÞiþ1=2
1þ ð8at  4t2Þ=ð1 4a2Þ i dt
that in the limit of b! a reduced to
DW ¼ ða bÞ3=2
X1
i¼1
ci
ﬃﬃﬃﬃﬃﬃ
2a
p
ð1 4a2Þi
ða bÞi:
The ﬁrst coefﬁcients ci are
c1 ¼
32
15
a; c2 ¼ 
8
105
ð15þ 4a2Þ; c3 ¼
105þ 3640a2 þ 144a4
945a
:
In particular, for the tangential force ft the relations presented give
ft ¼ 8la
2
1 m2 ða bÞ þ Oðða bÞ
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